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^ ■ Abstract 

m 

We study a coupled nonlinear evolution system arising from the Ginzburg-Landau theory 
p j ' . for atomic Fermi gases near the BCS-BEC crossover. First, we prove that the initial boundary 

, value problem generates a strongly continuous semigroup on a suitable phase-space which 

possesses the global attractor. Then we establish the existence of an exponential attractor. 
As a consequence, we show that the global attractor is of finite fractal dimension. 
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! 1 Introduction 

q . 

The superfluidity in the ultra-cold atomic Fermi gases has been paid much attention by many 
researchers in recent years, since it provides a useful testbed for the study of high-temperature 
superconductivity in strongly correlated fermionic systems. In the superfluid atomic Fermi gases 
near the Feshbach resonance the strong attractive interaction is realized between fermion atoms 
which can cause a crossover from the weak-coupling BCS state to the strong-coupling BEC 
one |15pi8]. The Ginzburg-Landau theory plays an important role in superconductivity research 
which was applied in the pioneering works [6l|T7j and later in the single-component fermion sys- 
tem (single channel model) [T|J2Q| . Recently, Machida & Koyama |15] developed a time-dependent 
Ginzburg-Landau (TDGL) theory for the superfluid atomic Fermi gases near the Feshbach res- 
onance from the fermion-boson model on the basis of the functional integral formalism. This 
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two-component TDGL model describes the dynamics of the superfluid atomic Fermi gases, in 
which BCS pairs and tightly bound diatomic condensate coexist. The resulting system consists 
of a nonlinear time-dependent complex Ginzburg-Landau equation coupled with a Schrodinger 
type equation, which reads as follows (cf. [15J) 

' -idu t = + a)u + g[a + d{2v - 2//)]0 + ^Au + ^(c - d)A0 

-b\u + g^\ 2 (u + g^), (1.1) 

u and 4> are both complex-valued unknown functions, which stand for the fermion-pair field and 
the condensed boson field, respectively. 2v is the threshold energy of the Feshbach resonance 
while g is the coupling constant in the Feshbach resonance, /x is the chemical potential and U > 
denotes the BCS coupling constant. The coefficients a, b and c correspond to the Ginzburg- 
Landau coefficients in the TDGL theory. All these seven coefficients are real numbers. The 
coefficient d is generally complex, which dominates the dynamics of the superfluid atomic Fermi 
gases. In the BCS limit, d can be considered to be purely imaginary while in the BEC region, 
the imaginary part of d usually vanishes. In the BCS-BEC crossover region, both the real and 
imaginary parts of d have finite values that d is a complex number (see e.g., (A3) below). For 
the detailed discussions on these physical coefficients, we refer to [15J. 
By introducing a new variable 

v = u + g<j), 

we can transform the original system (jl.ip into the following form, which is more convenient to 
be treated from the mathematical point of view (cf. [3~ll5llll|): 

dot - {a - h) iv ~ ~ it^ + i b\v\"v = 0, 
<t>t ~ %v + ^ + i(2v - 2^)0 - ^A0 = 0. 

In Chen & Guo [3], the authors proved the existence and uniqueness of weak solutions to (jl.2p 
subject to periodic boundary conditions. Later in [3], the global existence of weak solutions 
to the periodic boundary value problem of system (jl.2p with a general nonlinearity ib\v \ p v was 
obtained for certain power p instead of 2. As far as the classical solution is concerned, Chen & 
Guo [5] studied the initial boundary problem of (|1.2p subject to homogeneous Dirichlet/Neumann 
boundary conditions for arbitrary spatial dimension. They proved the global existence and 
uniqueness of classical solutions under some specific restrictions on the complex coefficient d. 
However, no results on the long-time behavior of the global weak/classical solutions to (jl.2p 
were obtained in the papers [3-5J mentioned above. One possible difficulty is that we do not 
have enough dissipative mechanism in the equation for <j>. As a first step for the study of the 
long-time dynamics of the problem, in the present paper, we consider the system (|1.2p with a 
linear weak dissipation in the equation for <p, that is 

dv t -(a-±)iv-i§0-£ l Av + ib\v\ 2 v = f, (x,t)enxR + , 
+ 7 <P - %v + l £<j) + i(2v - 2^<J) - ^A<P = h, (x,t)£nxR + , 
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where 7 > is the damping parameter. For the sake of simplicity, we consider the problem in 
a bounded domain Q C M 3 whose boundary T is smooth. / and h are given external forces. 
System (jl.3p is subject to the homogeneous Dirichlet boundary conditions 

v = ( j) = : (x,t)eTxR + , (1.4) 

and the initial conditions 

v\ t =o = v (x), (p\t=o = <j>o{x), x G tt. (1.5) 

To formulate our results, we first introduce some notions on the functional settings. Let 
C 2 (fl) (or L 2 ($7)) be the Lebesgue space of complex- valued (real- valued) functions. By (•, •) and 
|| • ||, we denote the scalar product and the norm in £ 2 (S7) (or L 2 (Q,)), respectively: 



(llli,W2) = / WiU)2dx, \\w\\ = y/l 



w, w 



Let W k ' p (0.) be the standard Sobolev spaces for real- valued functions and as usual, H k (£l) = 
W k ' 2 (Q,). Correspondingly, Sobolev spaces of complex- valued functions are denoted by W fc (0) 
and similarly, H k (n) = W fc ' 2 (ft). We note that V>(Q) = W ' p (tt), C P (Q) = W°' p (ft) and 
(or H- 1 ^)) is the dual space of nl(n) (or 

Let A be the unbounded linear operator defined by A = —A. whose domain is D(A) = 
H 2 (£l) n Hq(£1). It is well-known that (cf. e.g., [123) one can define spaces D(A S ) for s G R, 
with inner product (•, -) s = (A2-,Az-) and corresponding norm | • \ s = \l (•, -) s . In particular, 
D(A^) = H$(n), D(A°) = L 2 (9), D(A~^) = H~ l (£l). We note that corresponding results 
hold for the complex- valued functional spaces. 

In this paper, we make the following assumptions on external forces /, h and the coefficients 
of system fjl .3[) : 

(Al) /, h € Hq(CI) are independent of time, 

(A2) U > 0, b > 0, c> 0, m > 0, aU < 1, 7 > 0, 

(A3) d:= d r + id{ where d r , di G R and di > 0. \d\ = J d 2 + d 2 . 



Next, we introduce the weak formulation of problem (|1.3p - (|1.5p : 

Definition 1.1. A pair of complex-valued functions (v,(f>) is called a weak solution to problem 
([L~3"|) - (fLT)|) in Q T := Vt x [0, T] for arbitrary T > 0, if 

v,<i>eC([o,T\,?$(n)), « ( a 2 ((o,T),£ 2 (o)), ^ei 2 ((o ) T) ) r 1 (fl)) ) 

and for arbitrary complex-valued functions ip G Hq(£1) and £ G C 1 [0,T] with £(T) = 0, it holds 



T 







-fllr.^r) -i[ a -±\ (v,ty) - (</>,&) + W) + ib{\v\ 2 v, £</>) 



dt 



T 







r 
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(f,dw)dt + (vo,mi>), (1-6) 

0, 6v) - ^(«, evo + * + 21/ - (</>, evo + ^(w, m) + 7(0, w 

(fc,^)dt + (^,^(0)V). (1.7) 
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The main results of this paper are as follows: 

(a) Existence and uniqueness of global weak solutions (cf. Theorem 12,11 and Corollary 12 . 1 H : 

(b) Existence of a global attractor with finite fractal dimension (cf. Theorem 13 , 1 1 and Corollary 

(c) Existence of an exponential attractor (cf. Theorem 14, ip . 

We note that in the recent paper the authors also considered the long-time behavior of 
system (jl.ip with a linear weak dissipation term in the equation for <p. In particular, they proved 
the existence of a weakly compact attractor under some specific restrictions on the coefficients 
7, g, c and d when the spatial dimension is three. However, comparing their results, our present 
work has some new features, (i) We prove the existence of an absorbing set in 7~Lq x T~Lq for 
our problem (|1.3p - (ll.5D under much simpler assumptions on the physical coefficients (cf. (A2), 
(A3)). In [11], the corresponding result was obtained under some rather specific restrictions on 
the coefficients. For instance, it was required that < g < 2 and the positive damping parameter 
7, denoted by f3 in |11| . was assumed to be bounded from below by a positive constant such that 

9 |-3. + 1 

P > d|C7 2 _^ — > 0. Although the weakly damped system considered in [11] is slightly different 
from ours in the formulation, by a careful calculation, one can obtain the same a priori estimates 
without those restrictions therein, (ii) The equation for <p is a Schrodinger type equation, which 
does not enjoy the smoothing property like parabolic equations. To show the precompactness 
of cf), we use a suitable decomposition to split the trajectory into two parts: one decays expo- 
nentially fast to zero, and the other one satisfies a certain compactness property. We recall that 
in |11| , no results on the compactness of weak solutions were obtained and only the existence of a 
weakly compact attractor was proved, (iii) We prove the finite dimensionality (in terms of fractal 
dimension) of the global attractor and the existence of an exponential attractor. Although the 
global attractor represents the first important step in the understanding of long-time dynamics 
of a given evolutionary problem, it may also present some severe drawbacks. Indeed, as simple 
examples show, the rate of convergence to the global attractor may be arbitrarily slow. This fact 
makes the global attractor very sensitive to perturbations and to numerical approximation. In 
addition, it is usually very difficult to estimate the rate of convergence to the global attractor 
and to express it in terms of the physical parameters of the system. The concept of exponential 
attractor has then been proposed in [7] to possibly overcome these drawbacks. The exponen- 
tial attractors contain the global attractor, are finite dimensional, and attract the trajectories 
exponentially fast. Comparing with the global attractor, an exponential attractor turns out to 
be much more robust to perturbations. Besides, it provides a way of proving that the global 
attractor has finite fractal dimension. We refer to |16| for a survey. In this paper, we apply a 
simple method that also works in Banach spaces, due to [8] (see [21|9l[T3] for generalizations) 
to prove the existence of an exponential attractor. As a byproduct, we obtain the finite fractal 
dimensionality of the global attractor. 

The remaining part of this paper is organized as follows. In Section 2, we prove the existence 
and uniqueness of global weak solutions to problem (jl.3p - (jl.5p . In Section 3, we show that 
problem fjl.3[) - f)l .5j) possesses a compact global attractor A in T~Lq x T~Lq. In the last Section 4, we 
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prove the existence of an exponential attractor 8 , whose basin of attraction is the whole space 
{U 2 C\Ul) x (U 2 C\Ul). 

2 Global Existence and Uniqueness of Weak Solutions 



In order to prove the existence of weak solutions to problem f|1.3[) - (|1.5[) . we shall use the Faedo- 
Galerkin method to find approximate solutions. After deriving some uniform a priori estimates 
for the approximate solution, we can pass to the limit. We denote by C and C, positive constants 
that may vary from place to place. Special dependence will be indicated if it is necessary. 

Theorem 2.1. Suppose that assumptions (Al)-(AS) are satisfied. For any (i?o,0q) £ Hq(Q) x 
%o(f2) and T > 0, the initial boundary value problem (|1.3p - (|1.5p admits a global weak solution 

Proof. Step 1. Galerkin's approximation 

Let {uij},j = 1, 2, ... be a system of eigenfunctions of the operator A, that is, 

— Aojj = XjUj, in 0, and cjj = 0, on T, (2-1) 

where < Ai < A2 < ••• are the eigenvalues. It is easy to see that {vjj} forms base functions of 
H$(Q.) as well as L 2 (VL). Moreover, u A 6 C°°, j G N. 

Let I be a given positive integer. We denote the approximate solutions of problem (|l,6p - (|l,7p 
by vi(x,t) and (j>i(x,t) such that v t (x,t) = Y?j=i <Xjl(t)wj(x), <pi(x,t) = Y?j=i Pjlitfujix), where 
ctji(t), (3ji(t), (j = 1,2,...,/) are complex-valued functions that satisfy the following system of 
ordinary differential equations of first order: for j = 1,2, 

a ~ If) ^ Vl,UJj " > ~ ~ -j—i^vuWj) +ib(\vi\ 2 vi,ajj) = (f,u>j), (2.2) 

(<j>lt,Uj) - -jj{vi,u)j) + il— + 2v-2nj (<pi,Uj) - — (Acf>i,u)j) +i(<j>i,u)j) = (h,Uj), (2.3) 
with the initial data 

(«i(0),^) = rjji, (H0),ujj) = Cji- (2.4) 

rjji, £ji are constants such that as / — > +00 

l l 

rijiujj ->• u , ^2 CjlUj ^0, strongly in %o(fi). 
3=1 i=i 

Existence of such r]ji,Qi follows from the fact that (vo,4>o) G Hq(Q) x 7-Lq(Q) and the definition 
of {uij}- Actually, we can just take r]ji = (vo,cjj), Qi = (4>o,ujj). 

The standard theory for nonlinear ordinary differential equations of first order (i.e., the Picard 
iteration method) ensures that for each I, the initial value problem (|2.2p ~ (|2.4p admits a unique 
local solution (vi,(j>i) on [0, to] where to depends only on and \Cji\- We omit the details here. 

Step 2. a priori estimates 
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We now try to obtain some a priori estimates for the approximate solutions. Multiplying 
by OLjlit), -ioiji(t) and XjOji(t), respectively, summing over j from 1 to I and taking the 
imaginary part of the results, we get 



Im / fvjdx + yyRe / (pi^Idx — d r lm / vitvjdx 
Jo U ./o Jo 



< ^hu\\ 2 + Ui\? + \\f\\ 2 + c\\ Vl \\ 2 . (2-5) 



Im / fvftdx + fRe [ frvftdx < ^\\v lt \\ 2 + C(\\f\\ 2 + \\4>i\\ 2 )- (2.6) 
Jo u Jo. 1 



= — Im / fAvldx — 7p Re / faAvidx — 6Re / Vu[ • VUivfdx + d r lm / %AU/dx 
Jo U Jo Jo Jo 

< b [ \V Vl \ 2 \ Vl \ 2 dx + -^\\A Vl \\ 2 + C(||/|| 2 + ||^|| 2 ) + CxII^H 2 . (2.7) 



n 8m 

1 d- 



On the other hand, multiplying fj2.3j) by f3ji(t), \j/3ji and A ■ ^^jl(j), respectively, summing over 
j form 1 to I, and taking the real part, we obtain 

ld IU.II2 , „,ll^,|2_~ f 3, f .,T, . 7,| , ,|2 , ^/,|,,,|2 , ll„.J|2^ 



, )(//ll A|| 2 +7ll0/H 2 = Re / ^dx-^Im / ^<^||^r + C(||hr + |hr). (2.8) 

~\\V(t>i\\ 2 +l\\V<f>i\\ 2 = BeJvh'Vfrdx-^lmJvvrVhdx 

< l^lf + C(||V/ i || 2 + ||V^f)- (2.9) 



— — Im / viA~ l (f)i t dx + Re / hA~ 1 (/)i t dx 
U Jo Jo 

< ~||<fel&-i + c(\\<fn\\^ + + (2.io) 

Multiplying (|577|) by a small positive constant « E (0,^r-), adding it with (|2~5]) . ([2~6]) . (f2~8|) . 
()2.9p together, we obtain 

^T x (t) + T a (t) < C(\\ Vl (t)\\ 2 nl + ||^(t)f + ll/ll 2 + IH&i), (2.11) 



G 



where 



Ti(t) 
T 2 (t) 



+ ^ ) ||V^f + ~ ( tfc + £ - a ) |h|| 2 + 7||«i||^4 + ~ 



8m 
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(2.12) 



4m 



+ M — — a 



+ 



el. 



kCi \\vit\\ 2 + 



U 



u 



iiv«zir +%/ii£4 + «6 / iv^n 



2 , 7, 



a + -z\m\\w- 



(2.13) 



We infer from the assumptions (A2), (A3) and the condition on n that the coefficients of all the 
terms in (|2.12p and (|2,13p are positive. Then it follows from (|2,lip that 



d_ 

dt 



Tx^^^Ti^ + Cadl/f + H^)- 



By the Gronwall inequality and assumption (Al), we conclude that for arbitrary T > 0: 



Ti(t) < e° 2t 



Ti(o) + ^ami 2 + \\hf H1 



Vt 6 [0,T]. 



As a result, 



+ \\Mt)\\li <Ct, VtG [0,T], 



(2.14) 



(2.15) 



where Ct is a constant depending on ||uq||-^i, ||</>o||-^i, ||/||; ll^llw 1 ) ^> anc ^ the coefficients of 
the system. Turning back to (|2,lip and integrating with respect to time, we can see that 

/ T 2 (t)dt<T 1 (0) + C 2 Ti(*)dt + C 3 r(||/|| 2 + 11^) <Ct, (2.16) 
Jo Jo 



which implies that 

f T (\\vimH2 + \\vitf+\\Ht)\\h)dt<C T . 
Jo 

Finally, we infer from ()2.10p . ()2.15p and assumptions (Al), (A2) that 

\\Mt)\\u-idt<C T . 



(2.17) 



(2.18) 



The above uniform estimates imply that the solution (au(t), atu(t), Pn(t), (3u(t)) to ODE 
problem (|2,2p - (|2,4p can be extended to [0,T], for any T > 0. Moreover, on [0,T] we have the 
following uniform a priori estimates: 



Vi, 4>i uniformly bounded in L°°((0, T), Hq) 

vi uniformly bounded in L 2 ((0, T), % 2 ), 

<pi uniformly bounded in L 2 ((0, T), Hq), 

Vn uniformly bounded in L 2 ((0, T), £ 2 ), 

(pit uniformly bounded in L 2 ((0, T), Ti^ 1 ) 



(2.19) 



Step 3. Convergence of the approximate solutions as I —> +oo 
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The uniform bounds (|2,19p yield that there exist functions (v, (j>) and subsequences of {vi} 
and {4>i} (still denoted by {vi} and {<pi} for the sake of simplicity) such that as I — > +00, 



r 



<t>i^<t>, weakly-* in L°°((0,T),^), 
vi^-v weakly in L 2 ((0, T), % 2 ), 

0,^0 weakly in L 2 ((0, T), (2.20) 
vu^vt weakly in L 2 ((0, T), £ 2 ), 
_4>lt^4>t weakly in L 2 ((0, T), 7T 1 ). 

From G £ 2 ((0, T), Hq), <pt G L 2 ((0, T), T^ 1 ) and [HI Lemma II.3.2] we know that </> G 
C([0,T],£ 2 ). Besides, by the following result (cf. e.g., Q3]) 



Lemma 2.1. Lei X C K be two Hilbert spaces, and suppose that the embedding of X into Y 
is compact. The following continuous embedding holds: {/ G L 2 ((0, T), X), ft G L 2 ((0,T), Y)} 

^ C([Q,T];[X,Y] h ). 

and the fact that Hq = [H 2 n %q, £ 2 ] 1 (cf. [H]), we have (up to a subsequence) 



weakly in C([0,T],7^). (2.21) 



We infer from |19|. Lemma II. 3. 3] that <p is weakly continuous with values in T~Lq. Namely, for any 

x is continuous. Arguing as in [19], we can get an equality similar 
to (|2,9p which holds in the distributional sense on (0, T): 

^T"I|V</>|| 2 + 7||V0|| 2 =Re / Vh-V0dx- §-lm [ VvV^dx. (2.22) 
2 at Jq U J n 

As a result, t 1— > \\X7 (j)(t)\\ 2 is also continuous on [0,T]. Since ||V • || is the equivalent norm on 
Hq, we conclude that <f> G C([0,T],%q). 

The well-known Aubin-Lions lemma implies that there is a subsequence of vi, still denoted 
by vi such that 

vi-^v strongly in L 2 ((0,T),^). (2.23) 

Hence, there is a subsequence of «j, still denoted by such that vi almost everywhere converges 
to v in Qt = x [0,T]. It turns out that |f;| 2 uz almost everywhere converges to \v\ 2 v in Qt- 
On the other hand, it follows from f|2. 19j) that |^| 2 V/ is uniformly bounded in L°°((0, T), C 2 ) 
and hence in L 2 ((0, T), C 2 ). Therefore, we infer that the weak limit of |i>z| 2 t>/ in L 2 ([0, T], £ 2 (fi)) 
equals to \v\ 2 v: 

\vi\ 2 v t ->■ \v\ 2 v weakly in L 2 ((0, T), £ 2 ). (2.24) 

Passing to the limit I — > +00, we can infer from the above convergence properties of Vi,<j>i 
that (jl.6p and (jl.7p are satisfied. Concerning the initial data, we infer from (|2.20p that (cf. 
e -g-; |21j Lemma 3.1.7]) that 

v i(°) = E,=i VjWj -> «(0) weakly in £ 2 (S1), 

(2.25) 

;(0)=ELl 0/^ ^0(0) weakly in TT 1 ^). 
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On the other hand, we know that (t;;(0), 0/(0)) strongly converges in 7-Lq x Hq, hence, it also 
weakly converges to (do,0q) in C 2 x rl^ 1 . By the uniqueness of the limit, we have v(0) = vq, 
0(0) = 0o- 

Summing up, we have proved the existence of a global weak solution (v, (ft) to problem ([1.3)1 - 
(|1.5p . The proof is complete. □ 



Next, we show the continuous dependence result on the initial data that yields the uniqueness 
of weak solutions to problem (|1.3|) - f|1.5|> : 



Theorem 2.2. For any (i>oi> 0oi)j (^02) 002) S ~Hq(CI) x %q(J)), we denote the corresponding 
global weak solutions to problem (|1.3|) - ([1.5p fry (t>i,0i) (v 2 ,<ft 2 ), respectively. For any T > 0, 
ii /10/ds 



H«lW-«2(t)l|«i + l|0l(<)-^2WII«X+ / ||«lt(*)-«2t(*)H 2<ft 

JO 

< L ie L2t (\\v 0l -v 02 \\ 2 H1 + ||0oi -0 O2 ||^i), V0<t<T, (2.26) 

where L\,L 2 are positive constants depending on ||woi||^i, H^oill-H 1 ; \\ v 02 Wh 1 > II0O2H-H 1 ; /, ^ 
and coefficients of system ([1.3)1 . 

Proof. We shall just perform formal computations that can be justified within the same Galerkin 
scheme used above. Let v = v\ — v 2 , (ft = 0i — 02, w (0) = foi — ^02) 0(0) = 0oi — 002- Then the 
differences (v, (ft) satisfy a.e. in [0, T] that 

dv t + i ( — - a ) v - ^0 - -^-Av + ib{\vi\ 2 vx - \v 2 \ 2 v 2 ) = 0, (2.27) 
\U J U 4m 

0t - jjv + i 0L + 2v - 2fji\ - ^A0 + 70 = 0. (2.28) 
Multiplying ()2.27p by Uf, integrating over f2 and taking the imaginary part of the result, we have 

+ d;|M| 2 



d_ 

dl 



-(--a) llull 2 + — ||V-u| 
2 1 U J 11 11 8m" 1 



= TyRe / 4>v t dx — 6Re / (|fi| 2 ui — |f2| 2 f2)^^ 
" Jn Jn 

< ^\\v t t + C\\<ftf + C\\\v l ^-\v 2 \ 2 v 2 f 



< 



2 

di 



\v t \\ 2 + C||0|| 2 + C [\\vi\\ 2 c& \\v\\ c a + ll^ll^edlvill^e + IMI^IH^e]' 



< ^\\vtt + C(U\\ 2 + \H 2 n ,). (2.29) 

In above, we have used the uniform-in-time estimate ()3.1ip instead of (|2.15p . Multiplying ([2.28)1 
by — A0, integrating over f2 and taking the real part, we get 

^(II0H 2 + IIV0H 2 ) + 7 (II0I| 2 + l|V0|| 2 ) = -£lm jf + Vt; • V0)d* 

< ^(ll0H 2 + l|V0|| 2 ) + C7(|b|| 2 + ||VH| 2 ). (2.30) 
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Adding the above estimates together, we have 




(2.31) 



Then our conclusion (|2.26p easily follows from (|2.3ip and the standard Gronwall lemma. The 



Corollary 2.1. Under the assumptions of Theorem \2.1[ the global weak solution (v, 4>) to problem 
(|1.3p - (|1.5p is unique. 

The above results imply that the unique global weak solution to problem (|1.3l) - (|1.5p defines a 
strongly continuous nonlinear semigroup S(t) acting on T~Iq(Q,) x (0) , such that (v(t),(j)(t)) = 



In this section, we study the existence of a global attractor to problem (|1.3|) - (|1.5|) . For this 
purpose, we will show the existence of an absorbing set and some precompactness of the weak 
solution (v,(j)). In the remaining part of the paper, we shall exploit some formal a priori esti- 
mates, which can be justified rigorously by the approximate procedure in the previous section 
and the standard dense argument. 

Proposition 3.1. Let assumptions (A1)-(A3) be satisfied. There exists a positive constant Rq 
such that the ball 



is a bounded absorbing set for the dynamical system S(t) associated with problem (|1.3|) - (|1.5p . 
Namely, for any bounded set B C Hq(0.) x th ere is to = to(B) such that S(t)B C B$ for 

every t > to- 

Proof. Within the proof, we denote by Cj (j = 1,2, ...) positive constants that may depend on 
the coefficients of the system (|1.3|) . 0, but not on the initial data vq,(J)q and time. Multiplying 
the first equation in (|1.3p by v and Vt, respectively, integrating over Q and taking the imaginary 
part of the results, we have 



proof is complete. 



□ 



S(t)(v ,<j)o)- 



3 Existence of the Global Attractor 



B = G Hl(n) x Hl(n) | \\vf H1 + uf H1 < Rq} 




(3.1) 
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-(- 

2\U 



A IM| 2 + 7^l|VH| 2 + 7 I 
J 8m" AJ n 



d_ 

If 



—Re / cj)Vtdx + Im / fvtdx 



v\ dx 



+ di 



(3.2) 



Multiplying the second equation in (|1.3p by (j) an d ~~ A<fi, respectively, integrating over Q and 
taking the real part, we get 



5> 2 + 



< - 



Re / h(j)dx — j-lm j vcftdx 
7 



+ C 3 (\\v\\ 2 + \\h\\ 2 ), 



(3.3) 



Jt"I|V</>|| 2 + 7||V(^|| 2 = Re / Vh ■ V<j)dx - y-lm [ Vv ■ V^dx 
2dt Jq U J n 

< ^H 2 + C,(\\Vv\\ 2 + \\Vh\\ 2 ). (3.4) 

Now multiplying (|3.ip by K\ > 0, fj3.3j) by n 2 > and (|3.4p by k 3 > 0, adding together the 
resulting inequalities with (|3.2p . we obtain that 

d_ 
~dt 



1 A- -7 , 1 A n_.n2 , c iix-r..n2 , b f 1 |4 . , K 2,|,||2 , «3 , ,,2 



2 v Mi + 77 - " j M' + s^liv-l- + j y M«* + f II* + f iiwii 



C^l-C^ ||Vt;|| 2 + Kl 6 / H 4 dx 

+ - - c 2 ) uf + ^iiv^i 2 + (*- c lKl 



< C 3 K 2 \\v\\ 2 + (C lKl + C 2 )\\ff + C 3 K 2 \\h\\ 2 + C 4 K 3 \\Vh\\ 2 . (3.5) 
By the Young inequality, we have for some K4 > 0, 

IMI 2 < kA\v\\U + (3.6) 

Take 

di 4C 2 + di cdj _ jbdj 

Kl "4d' K2 ~ 7 ' K3 " 32mC 1 C 4 ' K4 " 8dC 3 (4C 2 + di) ' 1 j 

We infer from (|3.5p that the following inequality holds 

d „ , , „ „ , . d. 



+ C 5 i?i(t) + ^||^|| 2 < C 6 , (3. 



where 



= ~ [nidi + - - a) IKOII 2 + g^llV«(i)|| 2 + K*)l 4 <k + fll^)ll 2 + y l|V^)|| 2 . 



Then (gJJ yields that 



£i(t)<e~ C5 '£i(0) + ^, Vi>0. (3.9) 
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On the other hand, let 
It is easy to see that there exist C7, Cs, C9 > such that for all t > 0, 



^(*) = IKt)Hii + IKt)|li4 + 11 " ,M - 



C 7 £ 2 (i) < £?i(t) < C 8 £ 2 (i), 
>(<)ll«i + 
This and (|3.9|) imply that 



v(t)\\ 2 H i + \m)\\ 2 H i <Ei(t) < Mt)\\^+c 9 \\v(t)r H1 + \m)\\h- 



(3.10) 



,„i + ||#t)|&i < ifc(t) < ^e-°«*(||«o||^ + IKII^ + ||0o||^) + Vt > 0. (3.11) 

Finally, we can take Rq = q 5 c 7 • ^^ ie P r001 i s complete. □ 

Remark 3.1. Proposition ^. 1\ implies that the trajectories (v(t),(j)(t)) starting from any bounded 
set B will eventually enter the ball Bo in T~Lq x T~Lq of radius (i?o) 5 uniformly in time. Noticing 
that, Bq C Bo : = {J t>0 S(t)Bo, we can see that Bo also serves as an absorbing set of S(t). 
Moreover, Bq is invariant under S(t) for t > 0. 



Our next goal is to study the precompactness of the weak solution (v, (f>) of problem (|l,3p 
L5D. 



Lemma 3.1. Under assumptions of Theorem \2.1\ the following uniform estimate holds: 

\\v(t)\\ H2(n) <c(l + ^\, Vi>r>0, (3.12) 

where C is a constant depending on \\vo\\ui, ||0o||%i, ^, f,h and the coefficients of the system 
(|l,3p . but independent oft. 



Proof. For any t > and r > 0, integrating (|3.8p from t to t + r, we infer from (|3.1ip that 

^(M^Wh + ll^(r)|| 4 £4 + U(r)f n , + \\v t (r)f)dT < C. (3.13) 



Multiplying the first equation in (|1.3p by —Av, integrating over Q and taking the imaginary 
part, we have 

^^\\Vv\\ 2 + ( 1 - a) \\Vv\\ 2 + -^\\Av\\ 2 + 2b [ \v\ 2 \Vv\ 2 dx 
2 dt U 11 J 4m" 11 in 1 11 1 

= —j-Ke 4>Avdx — 6Re / VU • Vvv 2 dx + d r lm / vtAvdx — Im / fAvdx 
U Jn Jn Jn Jn 

< ^\\Av\\ 2 +b[ \ v \ 2 \Vv\ 2 dx + C(\\v t \\ 2 + U\\ 2 + \\f\\ 2 ). (3.14) 
Jn 

Integrating the above inequality from t to t + r, we infer from (|3.13p that 

"t+r 

\\v(t) \\ 2 n2 dr < C. (3.15) 
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Next, multiplying the first equation in (|l,3p by —Avt, integrating over Q, and taking the imaginary 
part, we get 

d_ 

dt 



- ( — - a ) ||Vt;|| 2 + — IIAdl 2 
2 V U r 11 8m" 11 



< 

< 
< 



g_ 

u 

di 
2 
di 

2 

d 



di\\Vv t \\ 2 

Re / V(fNv t dx - bRe / V(\v \ 2 v) ■ Vv t dx + Im / Vf-Vv t dx 
Jn Jn Jn 



+ ||V/|| 2 + / {vl^Vvfdx 



\Nvt\\ 2 + C 



\\Vv t \\ 2 + C(\\Vn 2 + \\Vf\\ 2 + \\v\\U\v\\li) 



-||V^|| 2 + C(||V0|| 2 + ||V/|| 2 + ||HI^I|A^|| 2 ) 



(3.16) 



In the last step, we use the three-dimensional Agmon inequality that for any v € Ti 2 H Hq, it 
holds H^ll^-oo < c(fi)|| Vu|||| Av||. Then it easily follows from (|3. 16[) that 



-y(t)<Ch x {t)y{t) + Ch 2 (tl 
dt 



where 



y(t) 



i ( i 



2 V U 



a \\Vv 



2 + ^-||At;(t)|| 2 , h 1 {t) = \\v 



4 

W 1 ' 



M*) = IW*)II«X + 



2 

W 1 - 



Applying the well-known uniform Gronwall lemma (cf. e.g., |19[ Lemma III. 1.1]), we infer from 
(pTlTj) and (]3~T5]1 that for any r > 



y(t + r) < C[ 1 + - ) , Vt>0. 



The proof is complete. 



(3.17) 
□ 



Since the continuous embedding Ti 2 "H 1 is compact, Proposition 13.11 implies that v(t) is 
precompact in H 1 for t > r. 

Next, we prove the precompactness of (p(t). We note that (j) satisfies a Schrodinger type 
equation, which does not enjoy the smoothing property like parabolic equations. To overcome 
this difficulty, we shall decompose the solution <f> into a uniformly stable part and a compact part 
such that 

6 = 6 d + cb c , 



where 4> d (t) and (p c {t) satisfy the following systems 

b t + * (fr + 2v - 2 /^ Ad 
^|r = 0, 

* d |t=o = <fo, 



(3.18) 



and 



6 C _ 19 



f + i 



U 



+ 2v-2n 



% 

Am 



A<j) c + j(j) c = h, 



Ir = 0, 
\t=o = 0. 



(3.19) 
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Lemma 3.2. Problem (|3.18p admits a unique global weak solution <f> (t) S C([0, +00), %\) and 
the following estimate holds: 

\\<t> d {t)\\y} = ll^olkie" 7 *, Vt>0. (3.20) 

Proof. The existence and uniqueness of solution (f) d to equation (|3,18p can be easily proven as 
in Section 2. Multiplying ()3. 18j) by <p d — A(f) d , integrating over Q and taking the real part, we 
obtain 

^(ll^ll 2 + l|V0 d || 2 ) + 7 (ll^l| 2 + l|V^|| 2 ) = 0, (3.21) 
which easily yields (|3,20p . □ 

Lemma 3.3. For any r > 0, it holds 

H c (t)\\ n2 <C, t>r, (3.22) 
where K is a constant depending on ||«o||-hJj ll'^ll'Hj; ^> fih> r an( ^ ^ e coefficients of system 

una. 



Proof. It follows from (l3~TTI) and (|3T2"0]l that 

U c (t)\\ H i < C, Vi>0. (3.23) 

Differentiating (|3,19p with respect to t, multiplying the resultant by integrating over f2 and 
taking the real part, we obtain 



~ll#l| 2 +7ll#l| 2 



2dt 
Namely, 

It follows that for Vi > r, 



■ijlm j Vtptdx^Mf + ^Mf. (3.24) 



J t \\m 2 +lMf<^\hf. (3-25) 



2 _l 11 /h. 1 1 2 ^ _l _£_ 7»- /" iu,.^i|2^j £ n_«-7* 



7 !7 2 

< C e -^(|Kr + ||^f) + ^ e 7r y o |K(r)fdT+^(l- e -^)sup||,; t (r) 

< C. (3.26) 
Thus, we can deduce from the equation (|3.19p and Lemma |3. II that 

U c (t)\\u* < C(\\v(t)\\ + ||#(t)|| + U c (t)\\ + ||A||) < C, Vt > r. (3.27) 
The proof is complete. □ 
After the previous preparations, we are able to state the main result of this section: 
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Theorem 3.1. Suppose that (Al)-(A3) are satisfied. The semigroup S(t) defined by the global 
weak solutions to problem (jl.3j) - Q1.5|) on Hq x Hq possesses a compact connected global attractor 
A C %q x %q, which is the oj-limit set of the absorbing set Bo such that A = oj(Bq). 

Proof. Since Bq is a connected, invariant, bounded absorbing set, our conclusion follows from 
Lemmas 13 . 1M3 . 31 and the classical theory of dynamical systems (cf. e.g., |19[ Theorem 1. 1.1]). □ 

4 Existence of Exponential Attractors 

The following proposition implies the dissipativity of the dynamical system S(t) when it is 
restricted to the regular space {% 2 n Hq) x (H 2 n Uq). 

Proposition 4.1. There exists Ri > such that the ball 

B 1 = {(v, 0) e (U 2 n Hi) x (u 2 n %l) \ ||v|& a + U\\ 2 H2 < Rfi 

is a bounded absorbing set for S(t) in (7-L 2 n TLq) x (H 2 n Hq). 

Proof. Let B be any bounded set in (^ 2 P1'Hq) x (TL 2 C\rl\). In particular, there exist r\ > ro > 
such that 

sup \\{v,4>)\\ u i xU i<r Q and sup \\(v, <j))\\ H 2 xH 2 < n. 

Within the proof, we denote by Kj (j = 1,2,...) positive constants that may depend on the 
coefficients of the system (jl.3p . f2, /, h, but not on the initial data vq, <f>o and time. 

Differentiating the first equation in (|1.3p with respect to time, multiplying the result by Vt, 
integrating over f2 and taking the imaginary/real part, respectively, we have 

||ll„ tP + _£_l|v„ tP + l^|| Btf 

= lyRe / 4>tVtdx — 6Re / (\v \ 2 v) t vtdx — d r lm / vuVtdx, (4-1) 

djlm / v tt v t dx = -j-lm. \ (j) t v t dx + blm / (\v\ 2 v) t v t dx. (4.2) 
jq isj Ja 



df* d . . . . q 



Inserting (|4.2|) into (|4.ip . we have 

dj d 2 . \ d . ||2 c 2 I — all 2 



^Re J (f> t v t dx - ^Tm ^ <f) t v t dxj - b ^Re ^ (\v\ 2 v) t v t dx - ^Im ^ (|u| 2 u)iU t dx^ 



:= h+h, 
where 



A < CH^HIKII < jUt\\ 2 + C\\v t \\ 2 , (4.3) 



I 2 < CH^M^a < CHull^xllVutllllutll < ^\\Vv t \\ 2 + C\\v\\^ 1 \\v t \\ 2 . (4.4) 
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As a result, 



di d 2 .\d 
~2 + 2d~ ) dt 



+ -]^ll.,ll 2 + ^l|v»,|l ! + 1 - o£/ »--» 2 ' 7 



U 



v t \v < ^ii^ir + cM^ihi 



(4.5) 



On the other hand, differentiating the ^-equation in (ll.3p with respect to t, multiplying the 
resultant by <j) t , integrating over fi and taking the real part, in analogy to (|3,25p we obtain that 



>I 2 + *<II 2 ^NI 2 - 



By (|4.5p . ()4.6I1 and Cauchy-Schwarz inequality, we get 
dl 



d_ 

dt 



d> + J) |k[| 2 + 2]|&» 2 
di 



(31 



(4.6) 



(4.7) 



It follows from ([3.1ip that there exists to = *o( r o) > such that ||i;(t)||^i < M for t £ [0, to] 
and ||u(t)||^i < M' for all t > to, with M being a constant depending on vq while M' being 
independent of tq. Thus, on [0, to], (|4.7p implies that 



d_ 

dt 



* + ^)ll''/|| 2 + 2||o / »- 



< 



2f_ 

7^ 2 



+ CM \\v t \\ , 



(4i 



which together with the Gronwall inequality yields 

|k(i )|| 2 +||&(*o)|| 2 <^ (4.9) 
where M\ depends on n, tq and to- Let us start from time to- We infer from (|4.7|) that 

(4.10) 



d_ 

di 



di + J) \\v t \\ 2 + 2\\<p t " 2 
di 



+ 7-||V^|| 2 + 7ll^H 2 <^ilH| 2 , Vt>t , 
4m 



where K x = |^ + C(M') 4 . Denote 



E 3 (t)=(d i + f)\\v t (t)\\ 2 + 2U t 



+ 



4ETi + 4 
di 



Ei(t). 



Then it follows from and (j4~TU|) that 

d 



dt 



E 3 (t) + K 2 E 3 (t) < K 3 , Vt>t , 



which yields 



E 3 (t)<e- K2t e K ^E 3 (t ) + ^, Vt > t . 



(4.11) 



(4.12) 



(4.13) 



From (|4,lip and (|4.9p . we know that E 3 (to) can be bounded by a constant depending on r%, r§ 
and to- Then it follows from (|4.13p that there exists a time t\ > to depending on n, ro and to 
such that 

(4.14) 



*+^) \\ v t(t)f+n<f>t 

On the other hand, we deduce from (11.31) that 



2 <E 3 (t)<^-, Vt>ti. 



Ki)lk* < c(\\v t (t)\\ + H(t)\\ + Ht)\\ + Mt)\\c< + 
\h<c(\\Mt)\\ + \\Ht)\\ + Ht)\\ + 
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where C is a constant depending only on the coefficients of system (|l,3p . Thus, from (|4.14[) and 
Proposition 13.11 we can see that there exists a constant R\ > independent of ro,r\ such that 



sup sup ||jS(i)(i?0i 4'o)\\'H 2 x'H 2 
(v ,(f>o)eBt>ti 

The proof is complete. □ 

As a byproduct, the above lemma gives the following integral estimate 
Corollary 4.1. There holds 

rt+l 

sup sup/ + Ut\\ 2 )d T < C(R), (4.15) 

\\(v,d>)Ka^<Rt>0 Jt 



Next, we prove the following proposition that enables us to confine the dynamics of system 
OP- fTS]! to a regular set B x C (H 2 Pi Wj) x (% 2 n Wj). 



Proposition 4.2. T/iere exists a closed ball B\ C (H 2 P Hq) x (V 2 P Hq) suc/i f/iai 

(%) £/iere is a positive increasing function M such that for every bounded set B C H\ x H\ with 

R= sup \\{v,<p)\\yi x yi, the following estimate holds: 
{v,<f>)eB oo- 



&sty. xnh {S{t)B,B 1 ) < M{R)e~ lt \ (4.16) 



(nj there is a time t\ > depending on R = sup ||(u, 0)||%2 x -^2 suc/i £/iai 

5(t)BiCBi, Vt>ti. (4.17) 

Proof. The existence of a bounded exponential attracting ball Q C (% 2 Pi Hq) x (% 2 D %q) i n 
the "Hq x Hq metric is given by Lemmas 13.1113.31 Next, using Proposition 14.11 we can enlarge the 
ball Q properly such that under the action of S(t), after a time t\ = t\(Q), Q is absorbed into 
itself. Taking B\ = Q, we complete the proof. □ 

We can now state the main result of this section: 

Theorem 4.1. The semigroup S(t) possesses an exponential attractor £ C (H 2 C\Hq) x ("H 2 P%q). 
Thus, by definition , we have that 

(i) £ is a closed compact set in H\ x Hq that is positively invariant for S(t). 

(ii) The fractal dimension of £ is finite. 

(Hi) £ satisfies the following exponential attraction property: there exist a constant oo > and a 
positive increasing function J such that, for every bounded set B C {TL 2 P Hq) x (H 2 P H\) with 
R = sn P(v,<f>)eB \\(v,<f>)\\^i x yi, it holds 

di S t n i xn i(S(t)B,£)<J(R)e-^, Vt > 0. (4.18) 
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Proof. The proof of Theorem 14,11 consists of several steps. 

Step 1. First, we confine the dynamics of system (|1.3p ~ (|1.5p to the regular set B\ C (TL 2 D 
Hq) x (TL 2 n Hq) obtained in Proposition 14.21 In order to prove the existence of an exponential 
attractor, we shall use the simple constructive method introduced in [8j Proposition 1] and follow 
the strategy in [2] (cf. also |12|). For the reader's convenience, we report the following lemma 
adapted to our present case (cf. Lemma 5.3]). 

Lemma 4.1. Let B\ and t\ be as in Proposition \4-°A an d denote z = (v,(f>). Suppose that there 
exists t* > t\ such that the following conditions are satisfied: 

(CI) The map (t,z) i— > S(t)z : [t*,2t*] x B\ — > B\ is ^-Holder continuous in time and Lipschitz 
continuous in the initial data, when B\ is endowed with the TLq x TL\-topology. 
(C2) Setting S = S(t*), there are A G (0, A) and A > such that, for every Zq\, zq 2 G B\, 
Sz i - Sz 02 = D(z Q1 ,z 02 ) + K(z i,z 02 ), where 



\\ D (z0l,Z02)\\ulxHl - A ll z 01 - \\K(z 01 , Z 02 ) \\u 2 xW 2 < A ll z 01 ~ ^H^X"^- 

Then there exists a bounded set £ C B\, closed and of finite fractal dimension in TLq x TLq, 
positively invariant for S(t), such that for some ojq > and Jq > 0, it holds 

dist H i x ^i(5(i)Hi,f) < J e-^. (4.19) 

It will be shown in the appendices that the conditions (CI) and (C2) in Lemma 14.11 are 
satisfied when the dynamics of system (jl.3p - (|1.5p is confined to the regular set B\. Hence, there 
exists a set £ C B\, closed and of finite fractal dimension in TLq x TLq, positively invariant for 
S(t) and satisfying (l4TT9j) . 

Step 2. In order to complete the proof, we are left to show that (|4.19p actually holds for 
any bounded subset B C (TL 2 n TLq) x (TL 2 fl TLq) instead of B\, with possibly different Jo and 
ujq. In other words, we have to prove that the basin of exponential attraction can be the whole 
space (TL 2 r\TLl) x (TL 2 nTL^) (cf. {HEP )- 

For any bounded set B C (TL 2 nTLQ) x {TL 2 r\Ti} ) ) with R = sup^ \\(v, </>)||^i x ^i, it follows 
from Proposition 14.21 that 

^nlxnl(S(t)B,B 1 ) < M(R)e~~ <t . (4.20) 

On the other hand, for any zqi = ^v^\(j)^^j, zq 2 = > 4^ ) £ &i by Theorem 12.21 (and 
Poincare inequality), we have 



1 L 



\\S(t)z 01 - S(t)z 02 \\ n i xn i < CpLle 2 \\zqx - z 02 \\ n i xn i, (4.21) 

where Cp > depends only on f2. Applying the abstract result on the transitivity of exponential 
attraction (cf. [TO] Theorem 5.1]), we conclude from (^T9]) . (^"20]) and (|4T2T]l that 

&st Hlxnh (S(t)B,£) < Je-**, (4.22) 

where 

7^0 



J = J(R) = C P LIM(R) + J , oj = t - 
The proof is complete. □ 
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We note that the exponential attractor £ actually contains the global attractor A that is 
obtained in Section 3. As a consequence, we have 

Corollary 4.2. The global attractor A has finite fractal dimension. 



5 Appendices 

We verify the conditions (CI) and (C2) in Lemma [4.11 when the dynamics of system f|l .3j) - f)l .5 
is confined to the regular set B\. 

(1) Verifying condition (CI). 
For any t,T £ [t* , 2t*] satisfying t > r, we take the difference of the c/>-equation: 

Mt) - Mr) + im) - <Kt)) - ^(v(t) - v(t)) + iUj + 2u - (cf>(t) ~ <P(r)) 

— (A^(t)-A^(r)) = 0. 
Multiplying it by <p(t) — 4>{t), integrating over and taking the imaginary part, we obtain 
^||V*(t)-V0(r)|| a 

£ + 2u - 2„\ \\M) ~ Hr)\\ 2 + fjRe [ (v(t) - v(r))@{t) - l>{r))dx 



-Im 



/ (Mt) ~ Mr))(Ht) ~ Hr))da 



< C(\\M) - Hr)\\ 2 + Ht) - v(r)\\ 2 + \\Mt) ~ Mt)\\\W) - <t>(r)\\). (5.1) 

By ([UID and (pLTlj) . we know that for t > t 1} \\(f)(t)\\ n i , \\v(t)\\ n i, \\Mt)\\ and ||« t (*)|| can be 
uniformly bounded by a constant independent of the initial data. Then we infer from f)5. 1|) that 

||V^)-V0(r)|| 2 

< C(U(t)\\ + H(r)\\ + Mt)\\ + \\v(t)\\ + ||^(t)|| + \\Mr)\\)(Ht) - v(r)\\ + 

< c( [ \\v t (s)\\ds+ [ \\Ms)\\ds 



< C(t-r). (5.2) 
This and the Poincare inequality yield that 

<C(t-r). (5.3) 



"A. 

On the other hand, it follows from Corollary 14. II that 



v(t) - v(t)\\ h i < \\v t (s)\\ H ids < ( / \\v t (t)\\ll ds ) ( 5 - 4 ) 



Denote z = (v,<p). For any t* > t\, t,T € [i*,2i*] with t > t, and Z\,z 2 G jBi, we infer from 
flZHD , and ([53]) that 



< C(t*)(\\zi -z 2 \\ H i xH i +Vt-r 



19 



(2) Verifying condition (C2). 



For any initial data zq% = («o , )' z 02 = ( ^q 5 '' ' ^o' ) e we set z o = (^(b^o) : 



,( 2 ) A 2 ) 



(!) .,(2) ,(1) 







V, 



>V0 



The difference of the solutions S(t)zoj = (v^\(j)^), j = 1,2 can 



be decomposed as 



(v, <j,) := (t)W - u< 2 \ 0« - </> (2) ) = (v d , d ) + (v c , <A C ), 



where solves the linear problem 



dvf -i(a-±)v d - %(j) a 



Am 



Av d = 0, 



r = 0, 



(5.5) 



K(0)=vo, ^(0) = & 



while (u c , C ) satisfies 



cfo t c - i (a - v c - - ^Av c + ib\v^\ 2 v^ - ib\v® |V 2 ) = 0, 
4>l + l^ c -%v + i[^ + 2u- </> c - ^A0 C = 0, 
v c \r = c |r = 0, 
y(0) = 0, C (O) = O. 

Similar to (|3,2ip . we have 

2dt 



(5.6) 



ll^i + 7110 ll^i = 0, 



(5.7) 



which implies 

\\At)\\ 2 H i <e- 2 ^\\M\w, t>0. (5.8) 

Multiplying the first equation in (|5.5[) by v rf + at) ( rf (a > 0), integrating over Q and taking the 
imaginary part, we have 



d_ 

dt 

+ 
U 



\ (i-ol+^ll^ + SlV^II 2 



8m 



,rf II 2 



£7 / 4m 



d\\2 



Re / c/>Vete + ^Re / <j) d v d dx - d r lm 



u 



+ adi\\v1 



vfv d dx 



rf II 2 



< ^\\v d \\ 2 + C ia \ 



+ 



1 /l 



2 l[7 



a) \\v d \\ 2 + C 2 (U d \\ 2 + \\vif) 



(5.9) 



Taking a = in the above inequality, we arrive at 



d_ 

dt 

+ 



a ( 1 



2 \U a + T 



..rf II 2 



ac 
8m 



||V« 



d||2 



+ 



ad 



i Il„.dll2 



1 / 1 



2 V C/ 



a I lh d || 2 + 



||Vu d || 2 < (da + GfiW 



4m 



II 2 



(5.10) 
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It easily follows from (|5.8p and (|5.10p that there exists 71 £ (0, 7) 

\\v d (t)f Hl < e-^Wvof^+Ce- 2 ^ f e 2 ^U d {r)\\ 2 dr 

Jo 

< e- 27l 1«o||^ + 7^^ye- 2 ^||0 o ||^, V* > 0, (5.11) 

and 

rt 

,.d/„\||2j„ / ^il.. i|2 



tf (r)irdr < + C / ||^(r)||^r < C(|M|^ + (5-12) 

JO 

Then (|5^]> . ([5TTTj) and (l2~26l) yield that 

< C(i)||( Uo ,<Mlkw, Vt>0. (5.13) 

Next, we try to get higher-order estimate of (v c , 4> c ). For this purpose, we take the time derivative 
of equations in (15. 6p : 

dvl - i [a - I) v$ - |# ~ ^Atf + ib(\vU\ 2 vM - tb\v&>\*vV>) t = 0, (5.14) 

4>lt + l4>l -^v t + i(^ + 2v- 2 M ) ft - ^A0? = 0. (5.15) 

Multiplying (|5. 14[) by v%, integrating over f2 and taking the imaginary part/real part, respectively, 
we have 

= j-Re [ (j)?vfdx-bRe [ (\v^\ 2 v m - |u< 2 >|V 2) ) t t#£r- d r Im f v% t vfdx, (5.16) 
dr d|l - c " 2 dilm f v^ t dx = -j-lm [ <f>ffidx + blm [ (\v W \ 2 v W - \v {2) \ 2 v {2) ) t tf t dx. (5.17) 



As in the previous section, we can insert (|5,17p into f|5. 16[) to cancel the higher-order term 
Im fa v ttVtdx: 



-b(ne f (\vW\ 2 vW-\vW\ 2 vW)ttfdx-^Im [ (\v^ | V 1 ) - \v™ \ 2 v^) t ^dx 
:= J1 + J2. (5.18) 

Ji<c\mM\\<lm\\ 2 +cMf. (5.19) 

By Proposition 14. H we know that 

\\v U \t)\\ n2 + U ij) (t)\\ H 2 <C, j = 1,2, Vi > 0. (5.20) 
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It easily follows from (|5.20p . the Sobolev embedding theorem and the Poincare inequality that 



< C\\v\\ H A\Vvt\\Hv^ +C\\vMv c t \\ 

< ^\\Vvlf + CMf + C\\v t f + C\\vf H1 . (5.21) 
We can conclude from (^TT8|) . ([5719]) and ([5T2T]) that 

"' l + HI 4lKH 2 + ^rllV^II 2 < Jll^ll 2 + CUf + C\\v t f + C\\vf Hl . (5.22) 



On the other hand, similar to (14.61). there holds 



|||^l| 2 + 7ll^H 2 <^lkl| 2 . (5.23) 
Then it follows from (|5T22]) and (l5"23l) that 

jt \{i + u) uf + m A - cuf + cHf + ■ (5 - 24) 



Integrating with respect to time, using (|2.26p and (|5.13p . we get 



(1, <1 2 
t 



2 2d; 



ij JO 



£ + TTT ) K(*)f + \\m\\ 2 < C I (\\v(r)\\ 2 Hl + \\v t (r)f + U(r)f)dr 



< C I (\\v{r)r Hl + \\v t (r)r + H(rW)dr < C(t)(||i*||£i + (5-25) 
oo 



By ()2.26p . (|5.13p . (|5.25p and the Sobolev embedding theorem, we deduce from equation (|5,6p 
and the elliptic regularity theorem that 

\\v c (t)\\ n i + \\<p c (t)\\ H 2 < c(H(t)\\ + M(t)\\ + Mt)\\* + \\v c (t)\\ + U c (t)\\) 

< C(t)(\\vo\\nl + \\Mnl)- (5-26) 

Due to (|5,8p and (|5.1ip . for any fixed A € (0, |), we can choose t* > t\ sufficiently large such 
that 

\\v d (t*)\\ 2 nl + U d (t*)f Hl < X 2 (\\v \\L + II^oIIL). (5.27) 

Set 

D(z 01 ,z 02 ) = (v d (t*),<t> d (t*)), K(z 01 ,z 02 ) = (v c (t*),<p c (t*)). (5.28) 
It follows from (|5.26p and (|5.27p that condition (C2) are satisfied. 
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